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Abstract
For a pair of rings A ⊂ B satisfying a certain condition (?)we get general imbedding results for Karoubi–Villamayor, homotopy
and Quillen K-theories. One important case is when A and B are respectively the henselization and completion of a regular ring of
finite type over a field at a prime ideal.
c© 2006 Elsevier B.V. All rights reserved.
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0. Introduction
For two rings A ⊂ B consider the following property:
Any system of polynomial equations in a finite number of variables and coefficients in A which has a
solution in B, has also a solution in A. (?)
For such pairs of rings we prove in Theorem 1 and Corollaries 1 and 2 imbedding results for Karoubi–Villamayor,
homotopy and Quillen K-theories. Definitions of Quillen and Karoubi–Villamayor K-theories [12,5,14] are well
known. Homotopy K-groups are defined as homotopy groups of the topological space K H(R), where K H(R) is
the geometric realization of the Bass simplicial spectrum (see [14], Chapter IV). The idea of the proof of Theorem 1
is similar to the idea of the proof of the Theorem of [1]. We apply Theorem 1 to the case when A is a henselization of
some local ring and B is the completion of this ring (see Example 2 and Remark 2 in the next section). In this way we
get Corollaries 3 and 4. Let us discuss here Corollary 4.
Corollary 4. Let R0 be a field or an excellent discrete valuation ring. Let R be a local, commutative, regular R0-
algebra essentially of finite type over R0. Let ℘ be the maximal ideal of R. Let R℘ (resp. Rh℘) be the completion (resp.
henselization) of R at ℘. Let l be a prime number. Then for every k ∈ N and n ≥ 0 the natural maps:
Kn(R
h
℘)→ Kn(R℘) (24)
Kn(R
h
℘)/ l
k → Kn(R℘)/ lk (25)
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Kn(R
h
℘;Z/ lk)→ Kn(R℘;Z/ lk) (26)
are imbeddings.
In Corollary 4 we extend the results of [1] to the case when l equals the characteristic of the residue field. Again, as
in [1], one of the main tools we apply is the Artin Approximation Theorem. Actually the injectivity of the map (24) in
Corollary 4 has already been proven in the Theorem of [1]. In addition in Corollary 2 of [1] it has been proven, by use
of the Gabber rigidity [4], that for l relatively prime with the characteristic of k℘ the maps (25) and (26) and the map
(24) restricted to the l-torsion are isomorphisms. T. Geisser and L. Hesselholt proved a result stronger, in the mixed
characteristic case, than the injectivity of the map (26). Namely they proved in [6] Theorem C that for l such that R
has characteristic zero and k℘ has characteristic l the map (26) is an isomorphism. In this way Theorem C of [6] and
the injectivity of the map (24) imply that the map (25) is an isomorphism in the mixed characteristic case. Our main
contribution in Corollary 4 is the proof that maps (25) and (26) are imbeddings in the equicharacteristic case. We give
examples in the equicharacteristic case that maps (25) and (26) are not isomorphisms. See also [7] for related results
concerning the equicharacteristic case.
1. Imbedding property for Karoubi–Villamayor, homotopy and Quillen K-theories
For a ring R, not necessary unital, put Ω0(R) = R and Ωn(R) = α(T )R[T ] for n ≥ 1 where T = (t1, . . . , tn)
and α(T ) = (t21 − t1) · · · (t2n − tn). Karoubi–Villamayor K-groups can be defined in the simplest way as follows
(cf. [5,14]): If R is unital put KV1(R) := GL(R)/U (R) where U (R) is the subgroup of GL(R) generated
by unipotent matrices I + N for N a nilpotent matrix. If R is not unital, define the ring R+ = Z × R with
componentwise addition and multiplication given by the formula (n1, r1)(n2, r2) = (n1n2, n1r2 + n2r1 + r1r2).
Using the natural homomorphism of unital rings R+ → Z let us define: GL(R) := Ker(GL(R+) → GL(Z)) and
KV1(R) := Ker(KV1(R+) → KV1(Z)). Then put KVn+1(R) := KV1(Ωn(R)) for n ≥ 1. It follows immediately
from the definition of Karoubi–Villamayor K-theory that KVn(R+) ∼= KVn(R) ⊕ KVn(Z) for every R and every
n ≥ 1. It is known, [8], Th. 7.7, [9], Th. 1, that KV-theory is the unique positive homotopy K-theory (see [14],
Chapter IV, Def. 8.13). There is a space BGLh(R) (see [14] IV, Th. 8.7) such that pin(BGLh(R)) = KVn(R)
for n ≥ 1. We define KVn(R;Z/ lk) = pin(BGLh(R);Z/ lk) for n ≥ 2. Put Z(R) := Ker(K1(R) →
KV1(R)). Note that KV1(R) ∼= K1(R)/Z(R). Let Z(R,Z/ lk) := Im(Z(R) → K1(R;Z/ lk)). Put
KV1(R;Z/ lk) := K1(R;Z/ lk)/Z(R,Z/ lk).
Remark 1. If R is a regular, noetherian ring then KVn(R) = Kn(R) for n ≥ 1. If R is a K0 regular ring then
KVn(R) = K Hn(R) for n ≥ 1 (see [14], Chapter IV). Moreover K Hn(R;Z/ lk) ∼= Kn(R;Z/ lk) for any n ≥ 1 and
any ring R with unit such that 1/ l ∈ R [16], Prop. 1.6.
The following two examples give pairs of rings A ⊂ B satisfying property (?).
Example 1. Every two algebraically closed fields K ⊂ L satisfy property (?).
Example 2. For a local ring R with maximal ideal ℘ put R℘ to be the completion of R at ℘ and Rh℘ to be the
henselization of R at ℘ [11]. Let R0 be a field or an excellent discrete valuation ring. Let R be a local R0-algebra
essentially of finite type over R0 [10]. Let R℘ be the completion of the local ring R at its maximal ideal ℘. Then by
the Artin Approximation Theorem [2], Th. 16, p. 91, rings Rh℘ ⊂ R℘ satisfy property (?).
Remark 2. A noetherian local ring R with maximal ideal ℘ imbeds into its completion R℘ . Moreover Rh℘ is a
direct limit over the isomorphisms classes of local R-algebras which are finitely generated as R-modules and are
unramified and flat over R with the residue fields isomorphic to R/℘ [2], p. 48. Hence the following natural maps are
isomorphisms for every k ≥ 1:
R/℘k → Rh℘/(℘Rh℘)k → R℘/(℘R℘)k .
Hence the completion of Rh℘ with respect to its maximal ideal ℘R
h
℘ is naturally isomorphic to R℘ .
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Theorem 1. Let A ⊂ B be two rings satisfying property (?). Then for every n ≥ 1 and for every k ∈ N the natural
maps
KVn(A)→ KVn(B) (1)
KVn(A)/ l
k → KVn(B)/ lk (2)
KVn(A;Z/ lk)→ KVn(B;Z/ lk) (3)
are imbeddings.
Proof. We first prove that the map (1) is an imbedding. It is enough to prove that the map
KV1(Ωm(A))→ KV1(Ωm(B)) (4)
is an imbedding for every m ≥ 0. An invertible matrix in GL(Ωm(A)) is a pair of matrices [I,C], with I ∈ GL(Z)
the identity matrix and C a matrix with coefficients in Ωm(A) such that there exists another pair of this sort [I,C1]
such that
[I,C][I,C1] = [I, 0]. (5)
The equality (5) is equivalent to the following equality:
C1 + C + CC1 = 0. (6)
The condition that the class of [I,C] in KV1(Ωm(A)) maps to a trivial element in KV1(Ωm(B)) is equivalent to the
following two matrix equalities:
[I,C] =
k∏
i=1
([I, 0] + [Ni , Di ]) (7)
where for each 1 ≤ i ≤ k the matrix Ni has coefficients in Z, the matrix Di has coefficients in Ωm(B) and there exist
ei ∈ N such that
[Ni , Di ]ei = [0, 0]. (8)
Now we use the same trick as in the proof of the Theorem of [1]. Namely we take variables in place of the coefficients
of the polynomials that are entries of matrices Di for 1 ≤ i ≤ k. In this way we get matrices D0i for 1 ≤ i ≤ k whose
entries are also polynomials in T with coefficients equal to the introduced corresponding variables. This leads to the
following equations:
[I,C] =
k∏
i=1
([I, 0] + [Ni , D0i ]) (9)
[Ni , D0i ]ei = [0, 0]. (10)
Equalities (9) and (10) lead to a system of polynomial equations with coefficients in A. This system of equations has
a solution in B due to Eqs. (7) and (8). Hence by assumption, this system also has a solution in A. Hence the class of
the matrix [I,C] is trivial in KV1(Ωm(A)). So the map (1) is an imbedding.
To prove that the map (2) is an imbedding it is enough to prove that the map
KV1(Ωm(A))/ lk → KV1(Ωm(B))/ lk
is an imbedding for every m ≥ 0 and every k ≥ 1. The condition that the class of [I,C] in KV1(Ωm(A))/ lk maps to
trivial element in KV1(Ωm(B))/ lk is equivalent to the following three matrix equalities:
[I,C] = [I, E1]lk
k∏
i=1
([I, 0] + [Ni , Di ]) (11)
[Ni , Di ]ei = [0, 0] (12)
[I, E1][I, E2] = [I, 0] (13)
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for some ei ∈ N, where for each 1 ≤ i ≤ k the matrices Di and E1, E2 have coefficients in Ωm(B) and the matrices
Ni have coefficients in Z. Again we take variables in place of the coefficients of the polynomials that are entries of
matrices Di for 1 ≤ i ≤ k and E1, E2. In this way we get matrices D0i for 1 ≤ i ≤ k and E01 , E02 whose entries are
also polynomials in T with coefficients equal to the introduced corresponding variables. This leads to the following
equations:
[I,C] = [I, E01 ]l
k
k∏
i=1
([I, 0] + [Ni , D0i ]) (14)
[Ni , D0i ]ei = [0, 0] (15)
[I, E01 ][I, E02 ] = [I, 0]. (16)
Eqs. (14)–(16) lead to a system of polynomial equations with coefficients in A with solutions in B due to Eqs.
(11)–(13). Hence by assumption, this system also has a solution in A showing that the map (2) is an embedding. For
n ≥ 2 the injectivity of the map (3) follows by the injectivity of maps (1) and (2) and the following commutative
diagram:
0 −−−−→ KVn(A)/ lk −−−−→ KVn(A;Z/ lk) −−−−→ KVn−1(A)[lk] −−−−→ 0y y y
0 −−−−→ KVn(B)/ lk −−−−→ KVn(B;Z/ lk) −−−−→ KVn−1(B)[lk] −−−−→ 0.
By the definition of KV1 with coefficients there is the following commutative diagram with exact rows:
0 −−−−→ KV1(A)/ lk −−−−→ KV1(A;Z/ lk) −−−−→ K0(A)[lk] −−−−→ 0y y y
0 −−−−→ KV1(B)/ lk −−−−→ KV1(B;Z/ lk) −−−−→ K0(B)[lk] −−−−→ 0.
The left vertical arrow is the map (1), and hence it is injective. Moreover it is an easy observation that the map
K0(A) → K0(B) is an imbedding for a pair of rings A ⊂ B satisfying the property (?). Hence the middle vertical
arrow is injective. 
Remark 3. By Remark 1 and Theorem 1 we immediately get imbedding results for K H -theory for a wide class of
rings.
Corollary 1. Let A ⊂ B be two rings with a unit satisfying property (?). If 1/ l ∈ A then the natural map
Kn(A;Z/ lk)→ Kn(B;Z/ lk) (17)
is an imbedding for every k ∈ N and every n ≥ 1.
Proof. Let R be any ring with a unit such that 1/ l ∈ R. It follows by [15] Theorem 1.2(a) that KVn(R;Z/ lk) ∼=
Kn(R;Z/ lk). So the map (17) is an imbedding by Theorem 1. 
Corollary 2. Let A ⊂ B be regular noetherian rings satisfying property (?). Then for every k ∈ N and n ≥ 1 the
natural maps
Kn(A)→ Kn(B) (18)
Kn(A)/ l
k → Kn(B)/ lk (19)
Kn(A;Z/ lk)→ Kn(B;Z/ lk) (20)
are imbeddings.
Proof. Since A and B are regular, noetherian rings there are isomorphisms KVn(A) ∼= Kn(A) and KVn(B) ∼= Kn(B)
(cf. [14], Chapter IV). Hence the corollary follows by Theorem 1. 
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2. Applications
Now applying the general results of Section 1 to the case of Example 2 let us state the immediate results in the
following way:
Corollary 3. Let R0 be a field or an excellent discrete valuation ring. Let R be a local R0-algebra essentially of finite
type over R0. Let l be a prime number. Then for every k ∈ N and n ≥ 1 the natural maps
KVn(R
h
℘)→ KVn(R℘) (21)
KVn(R
h
℘)/ l
k → KVn(R℘)/ lk (22)
KVn(R
h
℘;Z/ lk)→ KVn(R℘;Z/ lk) (23)
are imbeddings.
Corollary 4. Let R0 be a field or an excellent discrete valuation ring. Let R be a regular local R0-algebra essentially
of finite type over R0. Let l be a prime number. Then for every k ∈ N and n ≥ 0 the natural maps
Kn(R
h
℘)→ Kn(R℘) (24)
Kn(R
h
℘)/ l
k → Kn(R℘)/ lk (25)
Kn(R
h
℘;Z/ lk)→ Kn(R℘;Z/ lk) (26)
are imbeddings.
Remark 4. We can also prove Corollary 4 using the square ring description of K-theory due to Weibel and Dayton
as was done in [1]. Let us recall the square ring description. Put, as before, T = (t1, t2, . . . , tn) and α(T ) =
(t21 − t1) · · · (t2n − tn). For a commutative ring with identity R put ΛnR := R[T ]/(α(T )). The ring ΛnR is also
called the square ring. If R is regular, then by [3], Corollary 5.4 (cf. [13], p. 351), we have (for n > 0)
Kn(R) = K1(ΛnR)/K1(R).
Example 3. It was proven in [1] that the map (24) does not need to be surjective. Let us give an example in the
equicharacteristic case where the map (25) does not need to be surjective. Consider R = Fl [x]((x)), the localization of
the polynomial ring Fl [x] at the prime ideal ℘ = (x). R is countable and so is Rh℘ . On the other hand R℘ = Fl [[x]].
Observe that Fl [[x]]×/Fl [[x]]×l is uncountable. Indeed, cosets of elements of the form
1+
∞∑
i=1,l|6 i
ai x
i ∈ Fl [[x]]×
with respect to the subgroup Fl [[x]]×l are disjoint. Hence for every prime l and every k ≥ 1 the group
Fl [[x]]×/Fl [[x]]×l
k
is uncountable, so the map K1(Fl [x]h(x))/ lk → K1(Fl [[x]])/ lk is not surjective for every prime
number l and every k ≥ 1.
Example 4. The map (26) in Corollary 4 does not need to be surjective either. Indeed, by the Bockstein sequence
for any local ring R and any k ≥ 1 we get an isomorphism K1(R)/ lk ∼= K1(R; Z/ lk). Hence by Example 3 for
R = Fl [x]((x)) the map K1(Fl [x]h(x);Z/ lk)→ K1(Fl [[x]];Z/ lk) is not surjective for every prime number l and every
k ≥ 1.
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